We consider a realization of the Galilean conformal algebra (GCA) in two dimensional space-time on the AdS boundary of a particular three dimensional gravity theory, the so-called cosmological topologically massive gravity (CTMG), which includes the gravitational Chern-Simons term and the negative cosmological constant. The infinite dimensional GCA in two dimensions is obtained from the Virasoro algebra for the relativistic CFT by taking a scaling limit t → t, x → ǫx with ǫ → 0. The parent relativistic CFT should have left and right central charges of order O(1/ǫ) but opposite in sign in the limit ǫ → 0. On the other hand, by Brown-Henneaux's analysis the Virasoro algebra is realized on the boundary of AdS 3 , but the left and right central charges are asymmetric only by the factor of the gravitational Chern-Simons coupling 1/µ. If µ behaves as of order O(ǫ) under the corresponding limit, we have the GCA with non-trivial centers on AdS boundary of the bulk CTMG. Then we present a new entropy formula for the Galilean field theory from the bulk black hole entropy, which is a non-relativistic counterpart of the Cardy formula. It is also discussed whether it can be reproduced by the microstate counting.
Introduction
We are now facing a new stage for the application of the duality between bulk gravity theory and boundary quantum field theory. Above all, the AdS/CFT correspondence, on which much attention has been focused in the past decade, enables us not only to understand still enigmatic quantum aspects of gravity but to give a powerful tool to investigate regions unexplored in the usual field theory approach. It is certain that the generalization of this bulk/boundary connection to non-relativistic settings, some of which may be realized closely to our laboratory, or possibly to our real life, would provide a more useful dictionary for us to quest for the complete quantum field theory.
The Schrödinger symmetry group is one of the non-relativistic conformal symmetry, and can be seen in systems, such as cold atoms [1] . This has SO(d, 2) conformal symmetry in d dimensions with dynamical exponent z = 2. The gravity dual for the non-relativistic CFT with the Schrödinger symmetry was proposed in refs. [2, 3] , and then the non-relativistic version of the AdS/CFT correspondence has recently been explored to some extent. In this paper, however, we focus on another non-relativistic realization of the conformal symmetry, the so-called Galilean conformal algebra (GCA), and consider its gravity dual in the bulk. For the recent developments on the GCA, see the papers [4] - [16] .
Unlike the Schrödinger case, the Galilean conformal symmetry has dynamical exponent z = 1 and allows the infinite dimensional algebra in any space-time dimensions, which contains local conformal transformations, rotations and boosts. Especially, an important thing in two dimensions is that the infinite dimensional GCA can actually be obtained from the Virasoro algebra for the relativistic CFT 2 by taking a non-relativistic limit t → t, x → ǫx with ǫ → 0 [13, 14] . By the GCA construction defined below, it turns out that for finite GCA central charges, C 1 and C 2 , the Virasoro central charges c ± must behave as c + + c − = O(1) and c + − c − = O(1/ǫ) under the non-relativistic limit. In addition, for finite scaling dimensions ∆ and rapidity ξ, which are labels specifying a primary state of the GCA, the conformal weight of the parent Virasoro algebra h ± must also behave as h + + h − = O(1), and h + − h − = O(1/ǫ). The main subject of this paper is to reconstruct the GCA in two dimensions with these properties, at least, the finite central charges (C 1 , C 2 ) and the labels (∆, ξ) from bulk gravity theory in the context of the AdS/CFT correspondence.
According to ref. [4] , the GCA in d dimensions is realized on the boundary of the AdS d+1 gravity, but this dual theory must be reduced by a certain limit just like the usual nonrelativistic gravity theory. In the asymptotically flat space-time, the non-relativistic limit c → ∞ reduces the Einstein equation to the Poisson equation which determines the Newtonian potential. It is known that this space-time is described by the Newton-Cartan geometry. 1 On the analogy of this case, in the bulk AdS d+1 gravity dual to the GCA, one has to take the scaling limit t → t, r → r and x i → ǫx i (i = 1, 2, · · · , d − 1) with ǫ → 0, where r is the radial coordinate in the bulk and can be interpreted as a measure of the energy scale in the boundary theory. The resulting space-time is a surviving AdS 2 base times the degenerate x i direction, but nevertheless it can be also described by the Newton-Cartan-like geometry, as discussed in ref. [4] . On the basis of this proposal, we want to realize the GCA in two dimensions on the degenerate AdS 3 gravity under the scaling limit t → t, r → r and x → ǫx.
We have already known that the usual AdS 3 /CFT 2 correspondence is confirmed by Brown and Henneaux's analysis [18] . Namely, the Virasoro algebra is obtained from the algebra of the Hamiltonian with respect to the allowed deformation around the asymptotic infinity r → ∞ in three dimensional gravity with the negative cosmological constant −2/ℓ 2 [19] . Its central charges are then expressed by c ± = 3ℓ 2G , where G is the Newton constant in three dimensions. This setup of the left-right symmetric central charges for the parent CFT is not enough to realize the full GCA in two dimensions even if we take the above corresponding limit on both boundary and bulk sides.
In order to construct the asymmetry of the central charges, we have to begin with the three dimensional gravity including the gravitational Chern-Simons term, called topologically massive gravity [20] . We add to it the negative cosmological constant and refer to this three dimensional gravity as cosmological topologically massive gravity (CTMG). 2 By the direct Brown-Henneaux approach to CTMG, it was shown in ref. [30] that the Virasoro algebra is again observed on the AdS 3 boundary and that the central charges then become asymmetric, i.e., c ± = 3ℓ 2G 1 ± 1 µℓ , where 1/µ is the coupling of the gravitational Chern-Simons term. Since the entropy for the Bañados-Teitelboim-Zanelli (BTZ) black hole [41] in CTMG again agrees with the Cardy formula [42] , one can confirm the AdS 3 /CFT 2 correspondence even in this higher derivative gravity. 3 We now argue that this asymmetry of c ± is compatible with the GCA features, and in fact the additional limit µ → ǫµ gives rise to the central charges C 1 and C 2 . By taking appropriate limits on both sides between the AdS 3 gravity in CTMG and the Virasoro algebra for the parent relativistic CFT 2 , we verify the correspondence between the NewtonCartan-like geometry in the bulk CTMG and the GCA in two dimensions on the r → ∞ boundary. Our proposal is that the scaling limit µ → ǫµ together with t → t, r → r and x → ǫx leads to a consistent realization of the GCA with the non-trivial C 1 , C 2 , ∆ and ξ. These parameters are again expressed by those of gravity. Now that we have the realization of the GCA in the bulk CTMG, we can present a new entropy formula of the GCA from the bulk black hole entropy. Under our limit, the entropy for the BTZ black hole is still finite and can be rewritten by the parameters of the GCA. Our new entropy formula is
We also discuss whether it can be reproduced by counting the degeneracy of microstates of the GCA in two dimensions. Then we have to use the modular transformation, which is now degenerated by the scaling limit, even after the reduction to the non-relativistic geometry. This entropy expression is expected to give quantum degeneracy for the GCA states with the scaling dimensions ∆ and the rapidity ξ, and is an analog of the Cardy formula for the relativistic CFT 2 . This paper is organized as follows: in section 2 we first review the infinite dimensional GCA in two dimensions and how it can be reduced from the Virasoro algebra. In section 3 we recall the usual AdS 3 /CFT 2 correspondence in CTMG and show that the scaling limit surely yields the GCA and its finite parameters. In section 4 we present the new entropy formula from the BTZ black hole entropy in the bulk and try to demonstrate the microscopic counting of Galilean field theory in order to reconstruct it. In section 5 we summarize our results.
Galilean Conformal Algebra in Two Dimensions
In two dimensional space-time (t, x), the generators
where
From this, one obtains the infinite dimensional (center-less
by taking a non-relativistic limit
The GCA generators L n and M n are constructed from the Virasoro generators
or their explicit dependence on the coordinates is
At the quantum level the GCA is centrally extended
for the central charges C 1 and C 2 . This is in fact obtained from the Virasoro algebra for the
by the non-relativistic limit (5) . Accordingly, the central charges C 1 and C 2 are related to c ± of the Virasoro algebra by
Eq. (10) tells us that c + +c − is of order O(1) while c + −c − must be O(1/ǫ) for the non-trivial C 1 and C 2 . Namely, c + and c − should behave as O(1) ± O(1/ǫ). 4 Similarly, scaling dimensions ∆ and rapidity ξ, which are the eigenvalues of L 0 and M 0 respectively, are made by
where h + and h − are the eigenvalues of L + 0 and L − 0 . In other words, they have to come from the conformal weight h ± = O(1) ± O(1/ǫ). From the behaviours of the central charges and conformal weights in the ǫ → 0 limit we find that the parent CFT breaks unitarity. But this may not cause a problem for us since such non-unitary CFTs often arise in some cases. A primary state |∆, ξ , which obeys L n |∆, ξ = 0 and M n |∆, ξ = 0 (n > 0), and its descendants built up by L −n and M −n (n > 0) give us a representation of the GCA. Although the Hilbert space of the GCA is again non-unitary, this nature is inherited from the parent relativistic CFT [14] .
GCA Realization on Cosmological Topologically Massive Gravity
We would like to propose a gravity dual of this GCA in two dimensions in the context of the AdS/CFT correspondence. To realize the properties of the GCA from three dimensional gravity, it is especially notable for us that the dual theory has to yield the finite (∆, ξ) and (C 1 , C 2 ). To do this we first try to realize the parent CFT 2 which has the above ǫ dependence. Actually, left-right asymmetry between the central charges of the Virasoro algebra is seen in the Brown-Henneaux analysis for the particular three dimensional gravity, called CTMG. The gravity action of CTMG is given by
Here L CS is the gravitational Chern-Simons term and 1/µ is its coupling constant. The gravitational Chern-Simons term contains the third derivative, but nevertheless, this gravity theory with the higher derivative correction still allows the AdS 3 geometry as a solution. The vacuum state is the globally AdS 3
and its excited state is the BTZ black hole
4 The modular invariance of the CFT2 requires that c + − c − = 0 mod 24. We implicitly impose this condition.
with φ ∼ φ+ 2π. The definitions of mass M and angular momentum J of the BTZ black hole are affected by the presence of the Chern-Simons term and are related to the parameters m and j by
according to refs. [44] - [49] . The Bekenstein-Hawking entropy is also obliged to be modified as
Here r + and r − are outer and inner horizon radii defined by
Since the AdS 3 solutions are not changed despite the modification of the equations of motion, one can apply the Brown-Henneaux analysis for the AdS 3 /CFT 2 correspondence. First, let us allow the deformation of the global AdS 3 solution at the spatial infinity (r → ∞)
where x ± = t/ℓ ± φ and ∂ ± = 1 2 (ℓ∂ t ± ∂ φ ), means that the allowed deformation is
The BTZ black hole satisfies this behaviour. The algebraic structure of symmetric transformation group is given by the Poisson bracket algebra of the Hamiltonian generator H[ξ]. But the asymptotic isometry such as (18) leads to the infinite dimensional Lie algebra with central extension. It was shown that the Poisson bracket algebra of H[ξ] in three dimensional gravity with the negative cosmological constant corresponds to the centrally extended Virasoro algebra (9) . This is also true in the case of CTMG (12) , but the central charges of the Virasoro algebra are left-right asymmetric [30] 
due to the coupling of the gravitational Chern-Simons term 1/µ. 5 For the BTZ black hole solution in CTMG, h + and h − are calculated as 6
5 In order to guarantee the modular invariance of the CFT2, CTMG is required to hold 3/µG = 0 mod 24. Here we treat µ as a continuous parameter by choosing the Newton constant G small enough. 6 In our notation, h ± contain the factor c ± /24. The vacuum (13) has M = −1/8G and J = −1/8Gµ relative to the zero-mass BTZ, so h ± are normalized so that it vanishes for the vacuum. But as long as we consider large BTZ black holes (mG ≫ 1), these terms are neglected.
Then the microscopic state counting is expressed by the Cardy formula
Even if we include the higher derivative term L CS , this microscopic entropy still agrees with the black hole entropy (16) in 1 ≤ |µ|ℓ case. Now let us consider a limit corresponding to (5) in three dimensional gravity. Here we take the scaling limit
Accordingly, the parameters m and j in the BTZ solution (14) must scale like
The limits (23) and (24) make the Riemannian metric degenerate in the solution (14), and then the geometry seems to be ill-defined. But this is similar to the usual Newtonian approximation c → ∞. In ref. [4] , it was discussed that this situation in bulk gravity is described by the Newton-Cartan-like geometry for the geometry with the AdS 2 base. The dynamical variables are affine connections, not metric. And the Einstein equation 7 reduces to equation for the curvature of these non-metric connections, just as it does to the Poisson equation for determining the Newtonian gravitational potential in the non-relativistic limit of the asymptotically flat space-time. The difference is only the point that in our case t and r have the same scaling on ǫ. We have the geometric structure of a fibre bundle with the surviving AdS 2 base times the degenerate φ direction. In other words, the gravity theory is not ill-defined under the scaling limit but still gives the meaningful physical quantities, for example, the entropy as mentioned below. Since the Virasoro generators correspond to L ± n = iξ ± n , from the gravity side we define the GCA generators L n and M n as
using (18), (23) and (6) . One can easily check that they certainly satisfy the center-less GCA algebra (4) . Recalling that the central charges of the Virasoro must behave as c ± = O(1) ± O(1/ǫ), we assume that µ should scale as
Under this limit, we obtain the central charges of the GCA
In the case of CTMG the field equation is affected by the contribution of the gravitational Chern-Simons term, but the correction term vanishes as long as we consider the AdS3 solution.
from their definitions (10) and the Virasoro central charges (20) . We have not known yet the corresponding canonical formalism for the Newton-Cartan-like geometry, but we have got around it and have obtained the centrally extended GCA on the r → ∞ boundary by the scaling limit (23) , (24) and (26) from the Virasoro algebra of the Brown-Henneaux analysis in AdS 3 gravity. The scaling of µ is also consistent with the finite ∆ and ξ, and they are given by
for the parameters of gravity. When m and j are large enough, the last terms C 1 /2 and C 2 /2 can be neglected as usual. In conclusion, the limits (23), (24) and (26) define the consistent GCA on the r → ∞ boundary of the bulk gravity. Eq. (15) tells us that the mass and angular momentum of the BTZ black hole behave in the scaling limit (24) and (26) as
The scaling j → ǫj in (24) has been motivated so that the black hole mass M should remain finite under the scaling. Note that the behavior of J in (29) is consistent with (23) since
Entropy Formula of GCA
Finally, we would like to mention the entropy of the GCA. The scaling limit (24) requires that the event horizon of the BTZ black hole (17) should scale as
Since the radius of the inner horizon behaves as r − ∼ O(ǫ) while the scaling of µ is (26), the black hole entropy (16) is still finite
Here we have implicitly used the fact that the periodicity of φ now becomes φ ∼ φ+ 2π ǫ . From the expressions of the central charges (C 1 , C 2 ), the scaling dimensions ∆ and the rapidity ξ, one can rewrite the entropy as
for m ≫ 1/G and j ≫ µℓ 2 /G. We here propose that this expression is the entropy for the GCA in two dimensions, which is an analog of the Cardy formula for the relativistic CFT 2 . Eq. (32) is the most important formula in the present work. There are some comments on the entropy formula (32) . The black hole entropy (16) is derived in the Noether charge formulation, and one can show that it obeys the first law of thermodynamics [50, 51, 52, 25] . However, it is in general not trivial to prove the second law in the higher derivative gravity like CTMG, except for the Bekenstein-Hawking piece, the first term in (16) . Furthermore, when we naively take 1 ≫ µℓ, the correction piece to the Bekenstein-Hawking, for which the second law is not manifestly guaranteed, becomes dominant. 8 However, as long as we take the limit (24) and (26) at the same time instead of the naive limit 1 ≫ µℓ, both the first and second terms of the entropy (16) are of the same order, as seen above. It is an important task for us to confirm the second law, but we here adopted the usual entropy formula derived by the Noether charge method.
It is also notable that the form (22) would become divergent under the ǫ → 0 limit, unlike the black hole entropy (16) . In 1 > µℓ region both c − and h − are negative, so we might consider the new representation of the Virasoro algebra withL − n ≡ −L − −n ,c − ≡ −c − and the highest-weight state |h − satisfyingL − n |h − = 0 (n > 0). Counting the relativistic primary states |h + ,h − and their descendants, one again arrives at the expression (22) , and it becomes divergent in ǫ → 0. However, we alternatively know the representation of the GCA in our limit, and now want to count the degeneracy of the GCA primary states |∆, ξ and their descendants. Then the entropy actually becomes finite, although they include the negative norm states. But remarkably, the GCA states |∆, ξ are completely different from the states lim ǫ→0 |h + ,h − since they come from |h + , h − satisfying L ± n |h + , h − = 0 (n > 0), not |h + ,h − . It is, therefore, natural that the expression (22) does not give the same answer as ours (32) . Here we discuss whether the direct state counting of the GCA representation can confirm the entropy formula (32) .
From now on, we take the Euclidean signature for convenience. The partition function for the relativistic CFT 2 on the cylinder is written in the usual form
where β is the inverse temperature and θ the "angular potential". We here want to consider the non-relativistic limit of this parent CFT 2 . Then, with the help of eqs. (5), (6) and (10), it is reduced to the form
When the partition function on the torus is evaluated as
the inverse Laplace transformation gives us
8 In such cases, if we have only the first law at our hands, we may consider the exotic black holes, for which the roles of the outer and inner horizon are interchanged, with the entropy
If we could evaluate the first law at the inner horizon, the exotic black hole entropy would satisfy the re-defined first law [53, 24] .
This quantity is an analog of the the degeneracy for the state with (∆, ξ), but further details on microscopic interpretation will be discussed later.
To derive the Cardy formula (22) , one had to use the modular invariance of the torus for the CFT 2 . However, the non-relativistic limit is now taken on the two dimensional space-time. The modular transformation for the torus is translated as
in our limit. The invariance of the partition function under this transformation has to be tested from various viewpoints, but now we simply assume this remnant of the modular invariance for the parent CFT. Imposing this invariance of Z 0 (β, θ), which amounts to the relation
then one finds
. (39) Without detailed knowledge on the partition function, we can approximately evaluate this integral for large charges ∆ and ξ (equivalently for large m and j on the gravity side). By performing the θ-integration first, we obtain a sharp Gaussian contribution around the point
where Z(4π 2 /β, −4π 2 θ/β 2 ) varies slowly as a function of θ. If we move the path of β-integration in advance so that it passes through this point (40) , the integral over β is dominated by the contribution from (40) . Then the logarithm of (39) can be approximately written as
which coincides with the entropy formula (32) proposed from the gravity-side analysis. This is the non-relativistic counterpart of the Cardy formula.
Summary and Discussions
In this paper, we have considered the realization of the infinite dimensional GCA in two dimensions on the boundary of the three dimensional gravity, CTMG. The scaling limit on the AdS 3 /CFT 2 correspondence by Brown-Henneaux's method enables us to confirm the consistent correspondence between the Newton-Cartan-like geometry with AdS 2 base and the GCA with the non-zero centers. The compatible limit on the bulk side is given by (23) , (24) and (26) . The central charges C 1 and C 2 , the scaling dimensions ∆ and the rapidity ξ are expressed as (27) and (28) in terms of the parameters of gravity. Moreover, we have proposed the entropy formula of the GCA (32) from both the bulk and boundary analyses.
To justify this, we have used the transformation (37) inherited from the modular invariance of the parent CFT. The meaning of this transformation should be clarified further without referring to the parent CFT. We give some additional comments on the non-relativistic analog of the Cardy formula (32). Since there are states with negative norms in the Galilean field theory, one might think that Ω(∆, ξ) is the number of positive norm states minus that of negative norm states with the given charges ∆ and ξ. But the situation is more complicated. In the two dimensional Galilean field theory, the rapidity operator M 0 is non-diagonalizable, because the representation matrix of M 0 has a Jordan cell structure when it is restricted to the subspace spanned by the GCA descendants with the same scaling dimensions in a GCA module [14] . This means that the partition function Z(β, θ) cannot be written as a sum of the (plus or minus of) Boltzmann factors for all the states, such as
It actually has logarithmic contributions like 9 iθ e −β∆+iθξ .
This situation is rather similar to the case of the logarithmic CFT [54] . It has the Jordan cell structure with respect to L 0 , and the correlation functions and the partition function have the logarithmic contributions. Nevertheless, modular invariant partition functions of logarithmic CFTs are known to exist [55] . Considering the existence of the logarithmic terms (43), we have to learn more about the interpretation of the inverse Laplace transform Ω(∆, ξ) as the degeneracy of the states. We would like to emphasize, however, that log Ω(∆, ξ) certainly agrees with the black hole entropy (32) for large ∆ and ξ. Also, the correlation functions of the GCA are calculated in ref. [14] , and they are consistent with those obtained from the Virasoro algebra by taking the corresponding limit. As a next step for strengthening the relation between GCA and CTMG, it is a non-trivial check whether they can be re-derived by the holographic principle based on the GKPW relation. In refs. [38, 40] the correlation functions for the logarithmic CFT were computed in the AdS 3 bulk of CTMG at the chiral point [28] . It is a quite intriguing and significant problem for the future works to investigate the connection between the GCA and the logarithmic CFT. Since ∆ − 1, ξ| L1M−1 |∆ − 1, ξ = 0, the trace of e −βL 0 +iθM 0 over this subspace leads to the logarithmic contribution such as (43) . 10 The logarithmic correlators in the two dimensional Galilean field theory were argued in ref. [15] .
